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Symbols used

A Beware! Heed warning.
H .
—l Facts/formulae to memorise.

2

-

7
.

Q Facts/formulae to understand, as opposed to blatant
memorisation.

Provided on NESA Reference Sheet

Literacy: note new word/phrase.

Further reading/exercises to enrich your understanding
and application of this topic.

Syllabus specified content

N the set of natural numbers

Z the set of integers

Q the set of rational numbers
R the set of real numbers

C the set of complex numbers

V for all

o Gentle reminder

in this handout is to be completed!

Pictograms in this document are a derivative of the work originally by Freepik at

Syllabus outcomes addressed
MEX12-4 uses the relationship between algebraic and
geometric representations of complex numbers and

complex number techniques to prove results, model and
solve problems

Syllabus subtopics
MEX-N1 Introduction to Complex Numbers

MEX-N2 Using Complex Numbers

e For a thorough understanding of the topic, every blank space/example question

e Additional questions from CambridgeMATHS Extension 2 (Sadler & Ward,
2019) and other selected texts will be completed at the discretion of your teacher.

e Remember to copy the question into your exercise book!
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Section 1

A new number system

1.1 Review of number systems

. ... Natural numbers. N ={1,2,3---}
}s Example 1
| Solve z T 1=5and x T 3 =0 over N. Answer: z = 4, no solution
s ... IIlteger ...... : Z:{ 7_37_27_1707172737”'}
}s Example 2
| Solve x +3 =0 and 2z +4 = 7 over Z. Answer: = = —3, no solution
. Rational numbers. Q = {E 'p,q € L,qF O}
..................... q
}s Example 3
‘ Solve 2x + 4 = 7 and 1’2 — 2 =0 over Q Answer: = = %, no solution
e Real  numbers. R
}s Example 4
| Solve 22 — 2 =0 and 22 4+ 5 = 0 over R. Answer: « = +£+/2, no solution



6 A NEW NUMBER SYSTEM — ROTATION

1.2 Rotation

e From z = 1, go to x = —1 by rotating 7 radians in the usual direction.
— Multiply 1 by —1 to obtain —1 corresponds to rotating by 7 radians.

e Stop halfway whilst rotating? Quarter of way whilst rotating?

NORMANHURST BOYS’ HIGH SCHOOL



A NEW NUMBER SYSTEM — THE “IMAGINARY” NUMBERS

1.3 The “imaginary” numbers

&) Definition 1

Imaginary number The imaginary number ¢ to be the “quantity” to multiply with

a real number when rotating anti-clockwise by § about z = 0.

e “Jump off” the real number line.

&) Definition 2
The imaginary number ¢ has property such that
ixi=14=-1
e Why?
&) Definition 3
The set of all imaginary numbers, called
complex numbers , is defined to be

C={z:z=z+1iy;z,y € R}

}s Example 5

Find the values of 72, i3, i* and #°.

the

NORMANHURST BOYS’ HIGH SCHOOL



8 A NEW NUMBER SYSTEM — THE “IMAGINARY” NUMBERS

Q Definition 4

Complex number A complex number z has ~ real and imaginary
parts and is defined by z = = + 1y.

e The real part of z2: Re(z) = x.

® The . imaginary part of 2: Im(2) = y.
e Treat real and imaginary partsas ~ components of a complex number.
® z=ux+iyisknownas Cartesian form.
e Ploton Argand diagram , similar to plotting points coordinate
geometry.

}s Example 6

On the following diagram, plot the location of:

o 2z =3+ 4. ® 2 =2—1. e z3=—1— 3. oz4:—%+%i.

o Important note
| Looks like another familiar topic from the Extension 1 course?

NORMANHURST BOYS’ HIGH SCHOOL



......... .......... ........... 14 44444 BaS|C Operatlons W|th Complex l‘lumbers ...... ......... .......... ......... ......... ......... ..........

e

Find the value of

.................................. . (2+f) (5_4\@) . (2+\/§)(5 4\”

oGrouprealpartsmthreal :::: par‘ﬁs ........................................................................................
................................... .Grouplma,glnaryparts Wlth}maglna,rypa,rts
......... .......... .......... 142 ..... Multlpllcatlon ......... ......... ......... .......... ......... ......... .......... .......... ......... ......... ......... ..........
ﬁ____._44[....._____ﬁ_4444....j____.ruUS?__C_l\lﬁt.r.lbut_weu..1.@W____Q.A...j _________ 0% 00 0 0 O O O O O
° Beware that 2 ”—.’1” Which _becon_nes _‘_‘r’e‘a.l,_

: : : : ﬁ Exainple 8 : : :

, ......... .......... .......... . If 21 — 2 —"_ 37: and 22 — _1 + 52-’ ﬁnd the Va]_ue Of ........ ..........
......... .......... .......... . (a) 21 S 29 (b) 21 — 29 (C) 321 (d) 3121 (e) 2129 i ..........

5 g Exainple 9




10 : : : : : : A NEW NUMBER SYSTEM — BASIC OPERATIONS WITH COMPLEX NUMBERS

14,3 Complext conjugate pairs

&) Definition 5
If z = z + 4y, then its complex conjugate
-§ such that

-AnalOgoustoconJugatesurdsWhere .the.fc.onjuéa.t..e..df. a+bx/518a—b\fc ..........

ﬁ Eéxampgle 105

If z1 =2+ and 29 = 1 — 3, evaluate in Cartesian form:

1@ =zt (c) —2 (e) 2z—72

o S




L. z:tzm=  atn

2. 2129 = Z1%2

3. z2+zZ= <2Re(z)>
............................... 4. z-7Z= <2ﬂm(2))
.............................. Proof

o S




chess player!), published solutions to the cubic az® + bz + ¢ = 0
existence of imaginary numbers. Given during the Renaissance,

would have been almost heretical.

Cardano did not avoid (as most contemporaries did) nor did he immediately provide
solutions to these imaginary numbers (possibly 200 years away). With the equations
containing complex conjugate pairs, Cardano multiplied them together and obtained
real numbers:

Putting aside the mental tortures involved, multiply 5+ v—15 with """"" """"" """""

5 —+/—15, making 25 — (—15), which is —15. Hence the product is 40.

Cardano, remarked in another work, that v/—9 is neither +3 or —3, but some “obscure """"" """"" """""

sort of thing”.

Source:

o Wikipedia .. ......... ......... ..........

(http://en.wikipedia.org/wiki/Gerolamo_Cardano)

o Complex and unpredictable Cardano, Artur Ekert, Mathematical Institute, University of Oxford, 444444444 ......... ..........

United Kingdom
(http://www.arturekert.org/Site/Varia files/NewCardano.pdf)

Gerolamo Cardano (1501-1576), Mathematician (gambler and 444444444 »»»»»»»»» »»»»»»»»»»
in Ars Magna. Cardano was one of the first to acknowledge the 444444444 »»»»»»»»» »»»»»»»»»»

negative numbers were treated suspiciously, imaginary numbers ... foe SR

Ex 1A (Sadler & Ward, 201 9

e All questions

Other references

......... ....... .-MEXQ?, ......... ......... ..........



http://en.wikipedia.org/wiki/Gerolamo_Cardano
http://www.arturekert.org/Site/Varia_files/NewCardano.pdf

... ANEWNUMBER SYSTEM — PROPERTIES OF COMPLEX NUMBERS = ST VOO RO UL N I 13

......... .......... .......... 1'.'5"‘é'Prob‘ertife's'off"corfnple')f("nU'i"nb'ei's ....... ......... ......... .......... ......... ......... ......... ..........

e b Bgguality b e s b
el

Two complex numbers z; and z, are equal iff the real and imaginary parts are equal.

For zy = a+1ib, 2o = c+1id, if 21 = 25, then
............................... wtibe ctid

........ ......... 1. P y17éy23 .................

3. Hence xy = 25 and y; = y».

o S




152 Solutions to equations

T Eamplelr

Solve 22 +1 =0 for z € C. e

o S




....... ]3’Example13
- | Solve 222+ (1 —i)z+ (1 —i) =0 for z € C. Answer: z =i, 2= -1 — L :




T gl _________ s

.................. Observatlons I
e Equations with ~  real coefficients will have complex
........................ conjugate ~ roots
_________________ e Equations with ~  complex ~ coefficients do not necessarily have
...... complex ~~~  conjugate roots.

z—- Further exercises

i T e ) ENR N

e All questions

Other sources

....................................................

o Fitzpatrick (1991, Ex 31(a), (b), (c))

, ......... , ...... o IArn 1 n Arn 1 I l2 |’ EX 2‘1) . ......... , ......... ..........




............................... 2..]_“”.The,4Argand d|agram
.......................................... Q Deﬂmtmnﬁ
The Argand diagram (or complex number plane) is a plane equivalent to the
...................................... Cartesian _ plane, for displaying complex numbers. Each complex =%
number z = z + iy corresponds to a point Z(x,y)  on the Cartesian plane.
e - - @ Fillin the spaces - A SR TR S R i i A I A i —
| ' : : e Real component is plotted on the horizontal axis. :
e Imaginary component is plotted on the vertical axis.
........................................ *‘Laws/Resu[ts
Equal complex numbers represent the same point on the Argand diagram.



........ ................ 0 Important note‘ ..... VRN SO I e e, R UE RN SO I SR s i, ......... ........ .........

| : This theorem will be further explored in Section 4. : : :

......... .......... 444444 / Theorem2 ................ ......... ......... .......... .......... ......... ......... .......... .......... ......... ......... ......... ..........

| Polynomials of complex numbers with real coefficients have complex i
....... conjugate = roots.

................ P(2) = a,2" + ay 12" 4+ arz + o where ag.ay.- -, € R

""""""""" If 29 is a complex root of P(z), then Z; is also a complex root of P(z).

................. N
................. T
................. (Hint: Z1+Z= 21tz oandzZ-Z= 212 )
.................. 3. Hence P(2) = 0 andZpisa _ zero = of P(z).

..........................................................................................................................................................................................................................




....... .......... ......... 2..2 .... Modulus/argument of“a“complex number'“% ........ ........ ........ ........ ........ .........

......... .......... .......... 2..241 ..... N'atural orderlng .......... ......... .......... S ......... ......... .......... .......... ......... ......... ......... ..........
| | | ° N 7, Q, ]R are well ordered | | : | | | : | | |

—6+4257??3+2z §—3 3i | ???2+z§

......... .......... .......... ..... ® uNa‘tural Orderlng.dees not- eXl'St Wlth Complex numbers ........... .......... .......... ......... ......... ......... ..........

10 N O P 0 501 O 0 O O 0 0 A O
e Defmben?

SN : | The modulus of a complex number, denoted |z| (where z = z +iy) is the magnitude :
FR i, e ( length ) of the vector from O to z on the Argand diagram. ... i,

Im

Re

1.e.




............... 20

......... ..... 2..2“3 ..... ( Pr1nc1pal) Argument“'“é ........ ......... ......... .......... ......... ........ ......... ........ ......... ......... ..........

...y & Definition 8 ' R I S W
The argument of a complex number, measured in ~~ radians , is denoted

................ -

"""""""""" (where z = x +4y) is the ~ angle  that the vector from O to z makes with the
positive real axis on the Argand diagram, with angles increasing in the anticlockwise

| : direction. Im 5 5 :

SN P z=z+1y UETUR SUUE SURE OO SO

: : ar

......... ....... g( ) Re i

,,,,,,,,,,,,,,,,,, i.e' y P T T T T S PN

arg(z) = tan~ ' =
................. x

. _— P“E’xample‘lﬁ ........ ....... . i i i i i i R . —

Evaluate arg(z), where z =1 + 1.

Q Def|n|t|on 9

.................. The principal argument of a complex number, denoted
......... ...... Arg(z) 444444444 ......... ..........
444444444 ....... lies within the domain —7 < Arg(z) <.

o Important note

<<<<<<<<< »»»»»»» e The principal argument is generally quoted henceforth.

L L e Be aware of the quadrant which z lies. Inputting tan_1% on the calculator
5 5 mindlessly may give an erroneous result.

e The complex number z =0+ 07 has no argument defined . """"" """"" """""




o .‘s,Examp,em ......... 0 O O T N 0 S

Find the modulus and principal argument of the following:
(a) 2 + 21 Answer: modulus: 2\/5, argument %

SR b . A b)) —-1- iv3 Answer: modulus: 2, argument —25 - b

[2011 HSC Q2] Let w=2— 3¢ and z = 3 + 4.

(a) Find w + z. Answer: 5+1

(b) Flnd |1,U| . Answer: V13

: : : : w . . :
SR SRR o F (¢) Express — in the form a + ib, where a, b € R. Answer: — & — 1T; S
: : : : z :

o S

: 3= Further exercises

Ex 1C Ex 1D

e All questions e All questions




22 ©  FURTHER ARITHMETIC & ALGEBRA OF COMPLEX:NUMBERS — MODULUS/ARGUMENT OF:A COMPLEX NUMBER

2.2.4  Triangle inequality

7 Theorem 3 :

For every complex number z; and z,,

|21 + 22| < |21 + |22]

Stiaps

1. Let p and q (with P and @ being the head of the arrow) represent the complex
3 numbers z; and 2, respectively, p + q with R being the head of the arrow.

Préoof

2. On the Argand diagram:

Im

Re

3. |21+ 2] = |z1| + |22 iff O, P and @ are collinear (which

3 implies OP || OQ || OR)
| e Conclusion: z; = kzy, where k € R as vectors are parallel.

4.  Otherwise, |21 + 2] < |z| 4 |22

Hence, |21 + 22| < |21] + |22

..........................................................................................................................................................................................................................




o }s'Exampiew ......... 0 O O T N 0 S

If 2y = 3+ 4i and |23] = 13, find the greatest value of |z; + 2o|. If |21 + 22| is at its
greatest value, find the value of z5 in Cartesian form.

Answer: |z + z2| = 18 at its greatest; zo = % + %z

o S

. 2= Further exercises

......... u ......... _ Other references

o [Led (2006, Ex 2.6 Q1-7) e Arnold and Arnold (2000, Ex 2.3)

(Im Ex 4K)




......... ..... 23 ..... V;ectOIE"reﬁreseﬁtatigon“"‘é ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

b 281 Buivalemper bbb b b e bbb b b
I - . Q Deflnltlon 10 . : : : . . : : - . . : : A

5 : Two vectors p and q on the Argand diagram are equal iff both : : :
R _— e Modulus ( magnitude ), and SR SE T

e Argument ( direction )
are equal.

o S




e 2_342 ..... Addlmn 4444444 ......... _________ _________ .......... _________ ......... __________ e

. Place Vectors head—to—tall

......... .......... .......... ..... ® uPa‘raHelogram Of Vecters Whﬁﬂ addlng tWO Vectors .......... ......... .......... .......... ......... ......... ......... ..........

ST S ]‘Examplelgi L O N O -

If 2= -3+ 2¢ and w = 2+ 41, draw z + w on the Argandldiagram.
Im m

6+ 6+

| L
fan)
=
D

o




""""""""""" c“Qka & easy’ parallelogram of vectors
......................... 1,..:....,21u+..z.2..sta;rts from taﬂs of z1 & ,22,
2.

}‘ Example 20

If 2=3—2i and w =2 — 57, draw z — w on the Argand diagram

Im Im
3 T 3T
2+ 2 +
1+ 1+
—6 I I — Re —6 I I I
—11+ 1 2 3 —11+ 1 2 3
91 94
_3 4 —3 4
4 4 4 4
54 541

If z=1+4 2¢, draw 3z allrlrcll —2z on separate Argand d1agl‘rams

6 T 6 T

G 5

4+ 4+

3 B

21/ 1A
—+—t6 ——+—+—+ Re ——t6 —t+—+—
2=l = 1 3 3 4 -3-2=11+1 2 3 4

-2+ 92+

—3 AL -3+

—4 L 4 4




... FURTHER ARITHMETIC & ALGEBRA OF COMPLEX NUMBERS — VECTOR REPRESENTATION - = = = 2T

O Bl

[2011 HSC Q2] On the Argand diagram, the complex numbers 0, 1 +iv/3, v/3 + 1,
and z form a rhombus.

Im

O RV /A _—

V341

O Re

(i)  Find z in the form a + ib, where a and b are real numbers.

(ii)  An interior angle, 6, of the rhombus is marked on the diagram. Find the value

of 0.

Answer: z = (V3+1)+i(vV3+1),0=2F

o S




28 : : : FURTHER ARITHMETIC & ALGEBRA OF:COMPLEX NUMBERS ~ VECTOR:REPRESENTATION:

......... .......... e ’ls“Eg)'(amp;Ie“23g ......... VRN SO I e e, R UE RN SO I SR s i, ......... ......... ..........
| : In the Argand diagram below, intervals AB, OP and OQ) are equal in length, OP is : 5 :

parallel to AB and /POQ = ~.

It

Q

--------- »»»»»» A/B ......... _________ ..........

Re

--------- »»»»»» (a) If A and B represent the complex numbers 3 + 5i and 9 + 8i respectively, find --------- --------- »»»»»»»»»»
SR the complex number which is represented by P. SRR :

(b)  Hence find the complex number which is represented by Q.

o S




......... .......... ?S'Exampie24 ......... SR S i e S i, s s e ..........
| : : : 1[8.&d]£t&32§2&rd||20_]_9 Let z=1+41. :

Find, in Cartesian form, the complex number w such that wz is a rotation of
z by % anticlockwise about the origin.

(b)  Evaluate wz in Cartesian form.

(¢)  Verify |wz| = |z|, then plot z and wz on an Argand diagram.

o S

Ex 1E

e Q1-21




......... ..... 24 44444 POIar form (Elﬂer S formu|a) ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

......... ..... 2..4”1 ..... Arlthmetw ........ .......... ......... .......... .......... ......... ........ .......... .......... ........ ......... ......... ..........
.y @pefintion1l
. : The modulus-argument form of a complex number z is 5 5 :
......... M ...... Im ..................................
| ' Z =T+ 1y
z=1x+ 1y (Cartesian form) RS
| : o N =
......... ....... — |Z|COSQ+Z|Z|S]H0 \ | i ..................................
' = |z| (cos 0 + isin0) | I_T
................. _ T(Cose_i_isine) (Mod_arg form) \( 9 : ;b
X Re
where AI‘g(Z) = 0. T = ‘Z| cos 6@
_ : A' S o ?”.(?Qg.a.f??u.lﬂ). ........... often Eabbrewatedﬁ to z =rcisf. .
. Better to abbrewate ................ (?9??9. T 531.1? ‘9) ........... tO Z= 7’6 (for reasons .
......................... t hat Wlll be..made obvmus later)

Polar form: Euler’s formula

620 _ Cose+isin9 ..............................

where e ~ 2.71828 - - -

(Leonhard Euler, 1707-1783.
http://en.wikipedia.org/wiki/Leonhard Euler)

WP TN SN KNS SN A LTS S UM DU, KO r. SIS A S S Lt T SOt R S S S S S



http://en.wikipedia.org/wiki/Leonhard_Euler

~Example 26 ......... ......... ......... .......... ......... ......... ........ :

i PExamp,e.,ﬂ_____; ......... U0 0 O 0 0 O O O O

--------- --------- Write 2 = ——— in polar form, and hence write in simplest Cartesian form. ~~~~~~~~~~

_im .
Answer: z = 5e” 6 =——%z

. _2ir :
Write z = 6e~ 3 in Cartesian form. Answer: —3 — 3i/3




8<% v W10 O W0 W O 000 O W00 OO0 O O W 0 0
| : Evaluate the product (1 + ) (1—2\/5) in Cartesian form and polar form, to show R

: : 1 3 : : :
| : that cos — = +—\/_ : S
e . 12 22 o R RS

o S




| : : : 3= Further exercises : : : : : : . ; . . :
? ......... : .......... ;..4.......\;. EX 3D ........ : ..........
.15 |

Other references

o [Patel (2004, Ex 4C, Q1-10)

§ g : g e [Arnold and Arnold (2000, Ex 2.2, Q1-4) §
......... ......... . @ (m B 2.6 Q8 onwards) ........ ..........




242 Multiplication/Division

C‘ Lav&s / Regults

Multiplication of z; and z5: moduli multiply , arguments add

Division of z; and zy: moduli

2129 = 1173 (cos (01 + 02) + isin (6 + 65)) = 1 7oe'01102)

................................................

o A




. FURTHER ARITHMETIC & ALGEBRA OF COMPLEX NUMBERS — BULER'S FORMULA = 35
? ......... ' .......... ' .......... ' 2.4.31.thatiQnS/Enlargement 444444 ', ......... ' .......... '...' ......... j ......... ' .......... 't ......... j ......... ', ......... ' ..........

L4 Laws / Results

Multiplication of z by another complex number w = re? = r (cosf + isin 6):

......... .......... .......... : « Enlarges the modulus of z by factor» ..........
................................ O diteles e aeidodgme o alouts e oo by B SRR
o (Multiplication by w = re=%) : Rotates z clockwise

about the origin by 6.

?s Exai’nple 531

Let z = v/3 4+ 4. Multiply z by another complex number w = e’2. Find 2w in
Cartesian form. Plot z and ¢z on an Argand diagram.

« Laws / Results

.....................................................

Multiplication of z by ¢ and —i respectively:
° Rotates z anticlockwise about the origin by 7

° Rotates z clockwise about the origin by 7




36 : : : : . FURTHER ARITHMETIC & ALGEBRA OF COMPLEX NUMBERS — EULER’S FORMULA:

i s e ’ls“E&amﬁle"S? .......... i, S b S R S SN TR O = e o
| : [UNSW MATH1131 exercises, Problems 1.7, Q35] : : :

(a)  Explain why multiplying a complex number z by €' rotates the point
represented by z anticlockwise about the origin, through an angle 6.

6

(b)  The point represented by the complex number 1 + ¢ is rotated anticlockwise

about the origin through an angle of % Find the resultant complex number

in polar and Cartesian form.

(¢)  Find the complex number (in Cartesian form) obtained by rotating 6 — 7i

anticlockwise about the origin through an angle Iﬁ

......... ....... Answer: (a) Explain (b) ﬁei% = % ((\/g— 1) +4 (\/§+ 1)) (c) \/Li(l + 134) ......... ......... ..........




FURTHER ARITHMETIC & ALGEBRA OF COMPLEX:NUMBERS — EULER’S: FORMULA

94 Gomjugates

&‘ Léaws/éResul:ts
If 2z =7 (cos@ +isinf), then

Z = r (cos(—0) + isin(—0)) = re~*

A

Which of the following could be the complex number —ie=%?

A




......... ..... 2"4“5""P0’W€I'S ...... ........ ......... ........ ......... ......... .......... ......... ........ .......... ........ ......... ......... ..........
............... / Theorem 4
.................. De Moivre,s Theorem Forn e Z,
................. (cos@—}—isin&)n:cos(n9)+isin(n9)

(Abraham De Moivre, 1667-1754.
http://en.wikipedia.org/wiki/Abraham de Moivre)



http://en.wikipedia.org/wiki/Abraham_de_Moivre

......... .......... ?3’Exampie34 ......... SR S i e S i, s s e ..........
| : : : Simplify the following, expressing the answer in polar form: _________
(a)  (cos% +isin %)3

Answer: —1

| | § § [2 (COS—-i—lSlIl )}3
........ ......... (c) [\/Q (COS%—iSin%ﬂS_
S : : [

; T
Answer: 8¢'%

2 .
Answer: 16e3 oo s

243 —i39m
= 4
6

Answer:

“3‘ Example 35

If |z1| =3, Arg(z1) = 2, |22| = 2 and Arg(z;) = 3, find the modulus and argument of
221

5 Answer: |z| = 55, Arg(z) =27 —5 pre
52:23 20 :

o S




......... .......... L "s"ngampgleS'GE .......... b S s i R S SN i ......... ......... ..........
: : [1988 4U HSC Q4(a)] : : :
(a)  Express z = v/2 — iv/2 in modulus-argument form.

E f . T iom f f f
RN R Answer: z=2(cos § —isin) .. et SRR

(b)  Hence write z?? in the form a +ib, a, b € R. Answer: 222 = 22%;

o S




O Bl 3

""""" """"" """"" 1 (@ Ifz;=1+iand 2 =+/3 —14, find the moduli and principal arguments of z;, - ..........

) 2o

Z9 R ..........

14
(b) If z = i, find the smallest positive integer n such that 2" is real, and

3—1
evaluate 2" for this integer n. Answer: n =12, 212 = — L

2! . A A
29 and —. Answer: z; = V2exp (%), 2o = 2exp (—%) 21— \/Liexp (51’—;)

o S
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42 : : : . FURTHER ARITHMETIC & ALGEBRA OF COMPLEX NUMBERS — EULER’S FORMULA:

o Laws/Results

Summary of complex number properties These involve the modulus-argument
form:

1. Z+z=

2. Z122 = 2129

3. z2+7zZ= (




:3= Further exercises

Note all uses of ‘cis @’ should really be replaced with e?.

i i B BA |
S R e QI-17 T
......... .......... .......... | Oher ceereneEs e ..........

......... .......... .......... . o [Patel (2004, Ex 4C, Q11 onwards),
it [Patel (2004, Ex 4D)

g : : : e |Arnold and Arnold (1201)_(1, Ex 2.2, Q6 onwards) §
......... ......... . - (m Ex 2.5, 2. 9) ........ ..........




Derivation of Carteésian equation Diagram

................... DeSCI'lptl()n......‘.:'.;4‘4.'0‘].1"'(;1.6;;‘;......,....‘..’4;4‘...(1.(3‘1413‘1“‘6;4‘4;:‘..‘...(0 0), radlusr
erte the equatlon that represents the ..... e;r'ele'.l Wlth "._'pe.qt'r.em. z1 and

............................ I'adIUS"T"""“"""“

o S






e .--Arg<z~=--z-1)i ..... o € R _________ .......... _________ ......... __________ ......... _________ ——

S Diagrami

Descrlptlon' Llne through 2 and zz but i
' from zl to 22

g Dlagramg

...............................................................................................................................................................................................................

...............................................................................




e g__u.....;,__AArg2_44.2.1_5 ______ A rg(z—ZQ)—a0'<"a"<"7r”"§""““"§ _________ R

SR e e § ....Dlagrams ...... § .......... RO U S e e § .......... RN R e s e S e e s

| : : : Orlgm 01rcle geometry theorem - Angle at the czrcumference subtended by the same :
......... .......... .......... aTC/ChOTd .......... ......... RN o SRR e o o e e e ......... ..........

Descrlptlon RS SO DUUIUN UPU S S DS UU SIS0 USROS SUR SOU U S VR SRS U

......... ......... .A 2Arg..z.ﬁ.,zi) Arg(z—zQ):a,O<a<% ......... ......... .......... ......... ......... ......... ..........

Dlagram

| : : ' Orlgm circle geometry theorem Angle at the aentre is double the angle at the czrcumference
S i subtended by the same arc/chord ........ SRR R e i, i SR S SN

Descrlptlon R RS RN PR S S R TS S PSS PR ER RN B T hedeviiri




48 : : : : : : : CURVES AND REGIONS IN THE COMPLEX PLANE — CURVES

......... .......... b #"E&amﬁleS’B? .......... Lo SR S L] e S i, e ......... ......... ..........
: : For the following: : : :
i. Describe the path traced out by the conditions on z.

--------- ~~~~~~~ ii. Draw a sketch.

iii. Give the Cartesian equation of the line/curve.

(a) [2]=2 () |z4+2|=1
(b) zz=16 (d) |[z2+2+4+3i=2

Answer: (a) 22 +y2=4(b)22+4y2=16(c) (z+2)2+y2=1(d) (z+2)2+(y+3)2=4

o S




CURVESANDREGIONSINTHECOMPLEXPLANE*CURVES49 ................
gExample L AR S L Lt L S L SR ELRERTLE SRR SPE TR
[2019 NBHS Ext 2 Trial Q11]
i.  Find the points of intersection on the curves given by 3
................................. | |1 and Re) 1 )
z—1|=1and Re(z) = ———=1Im(z
________________________________ V3
. _ _ | ii.  Sketch above the two curves on the Argand diagram to show the points 1 _
S of intersection. TR
: : : : Answer: 0+ 01, —‘/T§+%i :




T ol A 444444444 s

[2018 Independent Ext 2 Q12] =z is a complex number such that

z—2V2(1+4)| =

i.  On an Argand diagram, sketch the path which is traced by the condition 1
above.

......... ,,,,,, ii. (@ is a point on the path traced out where z has its smallest principal 2 <<<<<<<<< --------- »»»»»»»»»»
' ‘ argument. i : ‘
: : Find the value of the complex number represented by ¢ in : : :
S . modulus-argument form. SRR b S

--------- »»»»»»» [2012 NSGHS Ext 2 Q12] Given z is a complex number, sketch on the number <<<<<<<<< --------- »»»»»»»»»»
: : plane, the path traced out by the complex numbers z such that : : :

argz = arg(z -1+ z))

iy R EBampledz
Sketch the curve in the Argand diagram determined by Arg(z —1) = Arg(z+1)+Z. E
S b Find its Cartesian equation. Answer: 22+ (y—1)2=2,4y>0 S S




... Curves AND REGIONS IN THE COMPLEX PLANE - CURVES = = ST VOO RO UL N I AL

O Bl 3

[2016 Caringbah HS Ext 2, Q8] A The complex number z satisfies

i=2\_ =
SN A L . A = —— L
R e <z+2i) 2 5

Find the maximum value of |z|.

(A) V2 (B) 2v2 (C) 2—-+2 (D) 242

1 Example 44

z satisfies |z — i| = Im(2)+ 1. Sketch the path traced out by the point P representing
z in the Argand diagram and write down its Cartesian equation. Answer: 72 = 4y

o S




R i L ?S'Efxamp:leﬁS? .......... R SR S i e e, S s ......... ......... ..........
: : [2003 Q2] Suppose that the complex number z lies on the unit circle, and : 5 :
0 <arg(z) <7%.

Prove that 2arg(z + 1) = arg(z).

o S




... CurvEs AND REGIONS IN THE COMPLEX PLANE - REGIONS = = = . - 58 L

......... .......... 32Reglons .......... ......... ......... ......... .......... ......... ......... .......... ......... ......... ......... ..........

£ Forr o brief review Stage!s {Yeur 10 work o rhgiongy - i oo d

. 3= Further exercises

e All questions

= WY T 0 O 0 0 WO

[2011 CSSA Ext 2 Q2]
i Sketch the path traced out by the complex numbers z such that

|z —3+3i <2

| ii.  Find the maximum value of |z|.

“s ExaEmpIe 547
| Sketch the region in the Argand diagram defined simultaneously by

6 <Re[(2—3i)z] <12 and Re(z)Im(z) >0

o S




T ol A

Draw a sketch of the curve or region, given z € C and

(a) Arg(z) =3 (b) 0<Arg(z) <% (c) Arg(z—2+3i)=1%

e e g
| : z is a complex number which simultaneously satisfies E E E

2<|z+3/<3 and 0<Arg(z+3)<

wl

Find the area and perimeter of the region in the Argand diagram determined by these

o Lo restrictions on z. Answer: A= 3T units?, P =2+ 3 units

o S




... Curves AND REGIONS IN THE COMPLEX PLANE - REGIONS = = ST VOO RO UL N I 85

3= Further exercises

I . . . EX 1F .
......... .......... e QL-17 ..........

TSI 0 e 1t | Other resources B
e Patel (1990, Self Testing Ex 4.9, p.127)
e [Arnold and Arnold (2000, Ex. 2.5)

e Fitzpatrick (1991, Ex 31(f))
el G Be2n 29 .




....... ..... 4..1 “““ Polynomlals theorems for equatlons wnth roots in (C ...................
: : &, Laws/Results :
"""""""""" For polynomials with ~ real  coefficients, the following theorems function in C,
exactly in the same way as they do in R.
................ e Remainder  theorem.
......... ....... — Added bonus: conjugate ....... roots means the ..l
' e conjugate remainder can be found easily.
................. e  Factor theorem
......... ....... — Added bonus: Conjugate """" roots may help! ..................................
e o e  Vietas formulas - G
.................. — Sum — Triples etc
— ... Pairs R Product .
 Roots with . multiplicity .. >1
e sy
(lsmm&_wmllzmg ) Let P(z) =23 — 222 —z+ k, k € R. SR
......... , ...... (a) ShOW that P( ) (2 + k) _ 22 ..................................
________ """"" (b)  When P(x) is divided by 2 + 1, the remainder is 4 — 2z. Find the value of k. = = =
: : Answer: k=2




O Bl B

Find all the zeros of P(z) = x* — 23 — 222 + 62 — 4 over C, given 1 + i is a zero.

Hence, fully factorise P(z) over R. Answer: P(z) = (22 — 2z + 2)(z + 2)(z — 1)

“s Exahple 552

Prove that 2 + 7 is a root of the equation x* — 223 — 722 + 262 — 20 = 0, and hence
solve the equation completely over C. Answer: z =2+, —1 £ /5.

o S




T gl B

Determine b, ¢ € R such that —2i is a zero of 2% 4+ 322 + bx + c. Answer: b=4, c = 12.

P(x) is a monic polynomial of degree 4 with integer coeflicients and constant term
2. P(x) has a zero i, and a rational zero. The sum of the zeros of P(z) is a positive
real number. Find P(x) factorised into irreducible factors over R.

Answer: P(z) = (2 +1)(z — 1)(x — 2)

o S

Ex 1G

e QI1-16, 18




.. APPLICATIONS TO POLYNOMIALS — TRIGONOMETRIC IDENTITIES = = © 59
r ......... ' .......... ' .......... 4 .2tTri’g’o"Ometricidentities.j ......... ' .......... '.t ......... j ......... ' .......... 't ......... j ......... ', ......... ' ..........

‘}9 Example 55

(a) [2003 Ext 2 HSC Q2(d)] Using De Moivre’s theorem, find an expression for

cos 50 in terms of cos 6.

(b)  Hence solve 16x* — 2022 + 5 = 0 for .

Answer: cos50 = 16 cos® § — 20 cos® § + 5 cos 6

. _ T 3 T ks
Answer: z = cos {5, €08 15, T G

ST cos X cos 2E.

e FEquate real parts & simplify:




......... .......... L "s"ngampgle“S'G; .......... R S s i e, e, S s ......... ......... ..........
......... ....... (a)  Use De Moivre’s Theorem to show that cos 36 = 4 cos® § — 3 cos 6. ......... ......... ..........
| | (b)  Hence solve 823 — 6z — 1 = 0. . : :

(¢)  Deduce that cos g = cos g + cos ?ﬁ
S - ... T .

Answer: T = cos =, cos 2, cos .
9 9’ 9

o S




......... .......... .......... | (a)  Use De Moivre’s Theorem to express tan 560 in terms of powers of tanf. ... ..........

(b)  Hence show that 2* — 1022 + 5 = 0 has roots + tan Z and + tan 2.

C Deduce that tan Z tan 2= tan 2Z tan & = 5.
5 5 5 5

""""" """"" (d) By solving x* — 1022 +5 = 0 via another method, find the exact value of tan z.

Answer: (a) tan50 = 5'313“1“190_;?1;30“_359;;1“; % (b) Show. (c) Show. (d) tan T=V5— 2v/5.

o S




62

APPLICATIONS TO POLYNOMIALS — FURTHER EXERCISES

4.3 Further exercises

1.

(a)
(b)

(a)

Factorise 2 — 1 into the real quadratic factors.

Hence factorise z* + 22 + 1.

2k 2k
Show that the roots of y* + 43 + 1> +y+1 =0 are y = COSTW + isinTW,
1 2
where k£ = 1,2,3,4 and hence show that cosg =5 + cos % Also prove that
™ 1++5

COS — = .

) 4

1 2k
By letting = y + —, show that the roots of 22 +x — 1 = 0 are 2 cos Tﬂ, where
Y

2 1
k = 1,2 and deduce that cos TeosZ ==
) 5 4

(Method 2)

2
Prove that y* + 32 +¢y2 +y+1= <y2+2ycosg —|—1> (y2 —2y(:osg7T —i—l) and

1 2
hence deduce that cosg = 3 + cos g

Suppose that 2" =1, z # 1

1 1 1
Deducethatz3+22+z+1+—+—2+—3:0
z oz z

1
By letting z = z + —, reduce the equation in (i) to a cubic equation in z.
z

2 3 1

Hence deduce that cos T CoS il CoS o _ 2
7 7 8

Express cos 360 in terms of cos @

Use the result to solve 8z° — 6z + 1 = 0.

Deduce that

. 21 47 T
1. cos?—l—cos?:cosg
.. 7 21 4

1. sec 9 sec 9 sec 3 =8

NORMANHURST BOYS’ HIGH SCHOOL



APPLICATIONS TO POLYNOMIALS — FURTHER EXERCISES 63

5
7. & Show that the roots of (z — 1) + (2 4 1) = 0 are 4i, 4i cot %, and i cot

Express cos 30 and cos 26 in terms of cos @

Show that cos30 = cos26 can be expressed as 423 — 22% — 3z + 1 = 0, where
t=tand

o /H—1

By solving equation in (ii) for z, show that cos ==

Factorise 2% + 1 into real quadratic factors.

Hence deduce that cos30 = 4 (cos 6 — cos g) (COS 6 — cos g) <cos 6 — cos 5%)

12

:= Further exercises
Ex 3B
e Ql-4, 6-14

Other resources

o Led (2006, Ex 2.11 (skip Q6(iii)))
o [Patel (1990, Self Testing Ex 4.7 p.109)

e |Arnold and Arnold (2000, Ex 2.4)

NORMANHURST BOYS’ HIGH SCHOOL



APPLICATIONS TO POLYNOMIALS — ROOTS OF COMPLEX NUMBERS

......... ..... 44 ..... Rfootsé'of“c?ompélexﬁumﬁe‘rs

b 4] Factorisations Of Higher POwers bbb

g Eixampzle 58§

(a)  Evaluate the following partial sum:

1+r+7r°+r 40

(b)  Hence factorise 2° — 1 over Z

(a)  Evaluate the following partial sum:

1—r+r*—r’+7r

(b)  Hence factorise z° + 1 over Z

o S




Difference of powers

eyt =-y) (@ ka2 Py by

Sum of powers

xn + yn _ (iC +y) (I,nfl o l.n72y ‘I‘ . + ynfl)

e Signs alternate

o S




S o o

.......................... Stéps...........................
................. 3 roots
—~

1 3 =1 (cos 2km + isin 2k7), where k =0,1,2.
2. Hence, 2z = 15 (cos 2k + isin 2]”)% = 15 (cos nt) . by  De

3. Fix up “out of range” arguments (change to principal argument):

o S




o ]s'Exampiem ......... 0 O O T N 0 S

[2011 HSC Q2] Find, in modulus-argument form, all solutions of 23 = 8.

Answer: z = 2,2 (COS =L + 4 sin 23”)

‘{s Exazmple 562

Solve for z: z* = —8 — 84/3i, and plot the solutions on the Argand dlagram

=27 _ T
Answer: z = 2¢'5, 2¢! = , 26875, 2e7 %%

o S




SRR P 00 0 S O O OO O _________ 0
e . RIS s o
......... ....... [2016 Ext 2 Q]_O] Suppose that = + — = —1. ......... ......... ..........
f : x : : :

| : 1 § : :
e e What is the value of LL'2016 o 20167 S e e
: : 2T 41 ; : :

(A) 1 B) 2 ©) = D) =

......... ~ ......... ...... #Example64 .......... ......... ......... . ......... .......... ......... ......... .......... . ......... ......... ..........

i ~~~~~~~ Find the fourth roots of z =1 + Z\/§ in modulus- argument form. oo e P

1 1
: 21 judl = In 7 lim lim I St Sm
Answer: 214 (cos + 7sin 75 ) 24 (cos + i sin 12) 24 (cos e isin 5 ), 24 (cos 15 — &sin 35

o S




......... .......... .......... | (a) Find the five fifth roots of unity and plot them on the unit circle. ... ..........
| . . | (b) Ifwis anon-real fifth root of unity, show that 1 + w + w? + w® + w* = 0. :

(c)  Hence or otherwise, factorise 2°> — 1 completely over R.

TR Answer: (s — 1) (5% — 25c05 25 1) (% — Zocos 4 41) S

o S




Find all the zeros of P(x) = x*+ 23 +2%+ 2+ 1. Hence factorise P(z) into irreducible

o V/5—1

factors over R. Deduce that cos = = ———. Answer: z = cos 2¥ +isin 2%, cos 4T + isin 4T

4 5 5




o }s'Exampiew ......... 0 O O T N 0 S

Find the five fifth-roots of —1. Answer: ei(%+%T"), where k € [0,4] ........ ..........

If w is a non-real fifth root of —1 with the smallest positive argument, show
that 1 —w+w? —wd+wt=0.

Find the exact values of cos £ and cos 3; ........ S

Answer: cos%:%(1+\/_) cos—:%l(l—\/g)

o S




......... .......... . w"Efxamp:Ie'ﬁ'S? ......... SR AR SRR e SR e, s s Db, ......... ......... ..........
| : [2014 JRAHS Trial Q15] Let o be a complex root of the polynomial 27 = 1 with : : :

. : the smallest argument. Let § = a + o + a* and ¢ = o® + a® + af. : : :
| () Show that 6 + ¢ = —1 and f¢ = 2. 3

(ii)  Write a quadratic equation whose roots are § and ¢. Hence show that 2

0=— g and gb:—l—u

E : 1
......... , ...... 2

| : (iii) Show that 2 : :
......... ....... 27T + 47-‘- 7-‘- 1 S ......... ......... ..........
: : COS — |+ COS— —COS = = —— : : :
| : - - - 5 : . :

+

o S




... AAPPLICATIONS TO POLYNOMIALS —ROOTS OF COMPLEX NUMBERS = ST VOO RO UL N I T3

443 Roots of unity: reduction from higher powers

L4 Laws / Results '

| ; : -} Change subject to highest power of z: ;
......... .......... .......... . oIfx2—|—a:—|—1:O,then ........ ..........

--------- »»»»»»»»»» <<<<<<<<<< | These results can be used creatively to reduce the powers down to more manageable - »»»»»»»»»»
' ' ' -] powers. :

00 0 0 0 4070 0 0 0 0 W

[Ex 3C Q1]

""""" """"" (a) Find the three cube roots of unity, expressing the complex roots in both
' : : : modulus-argument form and Cartesian form.

: : : | (b)  Show that the points in the complex plane representing these three roots form :
s SN e 3 an equilateral triangle. SR

(¢) If wis one of the complex, non-real roots, show that the other complex root is

E ......... ' .......... ' .......... ' . w2. ........ ' ..........

o - ] (d)  Write down the values of: i. w? il+wt+w? o
| | | | (e)  Show that: |

i (1+w?)’=-1
| : | | i. (lI-w—-w)(l-w+w?)(l+w—w?) =8 :
......... .......... .......... . 1ii. (1_w) (1 _w2) (1 _w4) (1 _w5) —9 .......




o Z‘ Brample70
[2017 BHHS Ext 2 Trial Q1] If w is an imaginary cube root of unity, then what
. L is (14w —w?)™'7 equal to? i, i, S
| : (A) 22017, (B) 2%y, (C) —22017,,2 (D) 220172 : : :

o S




... AAPPLICATIONS TO POLYNOMIALS —ROOTS OF COMPLEX NUMBERS = ST VOO RO UL N I T

O Bl

[2016 JRAHS Ext 2 Trial HSC Q11] (3 marks) Simplify

(14 2w + 3w?) (1 + 3w + 2w?)

where w is a complex cube root of unity.

o S




......... .......... L "s"Efxamp:le“?Z .......... R SR S i e S S s ......... ......... ..........

: : [2010 NSBHS Ext 2 Assessment Task 1] If w is a non-real cube root of unity, i.e. : : :
3

w’ =1,

......... ....... i PI‘OVG 1+w+ 1+w2 :1 3 ......... ......... ..........
......... ...... ii  Show that 3 ......... ......... ..........
: : 1+ w™ + w {1 n is a multiple of 3 : : :

0 otherwise - ......... ......... ..........

o S




... AAPPLICATIONS TO POLYNOMIALS —ROOTS OF COMPLEX NUMBERS = ST VOO RO UL N I T

Ex 3C

e Q1-11

......... ......... Other resources o@(m, Ex 2.10) ..........
| e [Fitzpatrick (1991, Ex 31(a)) B

................................ « Baial (3, Bx 4D, 45, 41 . Bl eae




Section A

Past HSC questions

0 Important note

Whilst the legacy Extension 2 (‘4 Unit’) syllabus contained Complex Numbers,
there have been several content sections that have now been removed for HSC
examinations from 2020.

If in doubt, consult your teacher regarding whether a particular part is suitable to
attempt or not.

&) Definition 13
Locus the path traced out by a point, subject to certain conditions.
This word was used extensively in the legacy syllabuses but has now been removed.

Simply replace any instances of locus with path traced out by the compler numbers

A.1 2001 Extension 2 HSC

Question 2

1
(a) Let z=2+43i and w=1+14. Find zw and — in the form z + iy.
w

(b) i. Express 1+ /3i in modulus-argument form.

ii. Hence evaluate (1 + \/52')10 in the form x + 7y.

(c) Sketch the region in the complex plane where the inequalities
|lz4+1—-2i| <3 and —zgargzgz
3 4
both hold.

(d)  Find all solutions of the equation z* = —1.
Give your answers in modulus-argument form.

78



Past HSC QUESTIONS — 2001 EXTENSION 2 HSC 79

(e) In the diagram the vertices of a triangle ABC' are represented by the complex numbers
21, 29 and z3, respectively. The triangle is isosceles and right-angled at B.

Y
D
A
\/C
B
x
O
i. Explain why (2 — 23)° = — (23 — 22)°. 2
ii. Suppose D is the point such that ABC'D is a square. Find the complex 1

number, expressed in terms of z1, 2o and z3, that represents D.
Question 3

(b)  The numbers «, 8 and + satisfy the equations

1
a+pB+y=3 o+ +47 =1 —+

1
-4 —= 2
a [
i. Find the values of af + v + ya and afy 3
Explain why «, 8 and ~ are the roots of the cubic equation
1’ —32® +4r —2=0
ii. Find the values of «, # and 7. 2
Question 7
1
(a)  Suppose that z = 5 (cos @ + isinf) where 6 is real.
i. Find |z|. 1
ii. Show that the imaginary part of the geometric series 3
2, .3 1
Il+z+2"+2"+--- =
1—=2
) 2sinf
is ——.
5—4cosf
iii. Find an expression for 2

1 1 1
1+§COSQ+§00529+§COS39+-~

in terms of cos@.

NORMANHURST BOYS’ HIGH SCHOOL



80 Past HSC QUESTIONS — 2002 EXTENSION 2 HSC

(b)  Consider the equation z° — 3z — 1 = 0.
i, Letz =2 where p and ¢ are integers having no common divisors other 4
q

than +1 and —1. Suppose that z is a root of az® — 3z + b = 0, where
a and b are integers.
Explain why p divides b and why ¢ divides a. Deduce that 2> —3x—1 =0
does not have a rational root.

ii. Suppose that r, s and d are rational numbers and that v/d is irrational. 4

Assume that r + sv/d is a root of 23 — 3z — 1 = 0.

Show that 3r2s + s3d — 3s = 0 and show that r — sv/d must also be a
root of x® — 3z — 1 = 0.

Deduce from this result and part (i), that no root of 2° — 3z —1 =10
can be expressed in the form r + sv/d with r, s and d rational.

iii. Show that one root of 22 — 3x — 1 =0 is 2cos g 1

You may assume the identity cos 36 = 4 cos® 6 — 3 cos6.

A.2 2002 Extension 2 HSC

Question 2

(a) Let z=1+42i and w = 1+ 4. Find, in the form x + iy,

1. zw. 1
1
ii. —. 1
w
(b) On an Argand diagram, shade in the region where the inequalities 3

0<Re(z) <2 and |z—1+1i<2
both hold.
(¢) It is given that 2 + 7 is a root of
P(z) = 2° +7r2* + 52+ 20

where r and s are real numbers.

i. State why 2 — i is also a root of P(z). 1
ii. Factorise P(z) over the real numbers. 2
(d)  Prove by induction that, for all integers n > 1, 3

(cosf —isin )" = cos (nf) — isin (nh)

NORMANHURST BOYS’ HIGH SCHOOL



Past HSC QUESTIONS — 2003 EXTENSION 2 HSC 81
() Let z=2(cosf +isinb).
i. Find 1 — 2. 1
1 1 —2cosf
ii. Sh that th 1 t of ' 2
ii ow that the real part of ;— is -——
iii. Express the imaginary part of ] in terms of 6. 1
Question 3
(a)  The equation 42 — 27z + k = 0 has a double root. Find the possible values 2
of k.
A.3 2003 Extension 2 HSC
Question 2
(a) Let z=24iand w=1—1i. Find, in the form x + 1y,
1. zw. 1
. 4
. —. 1
(b)  Let a=—1+1.
i. Express a in modulus-argument form. 2
ii. Show that «a is a root of the equation z* + 4 = 0. 1
iii. Hence, or otherwise, find a real quadratic factor of the polynomial z*+-4. 2
(c) Sketch the region in the complex plane where the inequalities 3
|z—1—4/ <2 and 0<arg(z—1—i)<%
hold simultaneously.
(d) By applying De Moivre’s theorem and by also expanding (cos@ + isin6)®, 3
express cos 50 as a polynomial in cos 6.
(e) A Suppose that the complex number z lies on the unit circle, and 2

0 <arg(z) < 3.

Prove that 2arg(z + 1) = arg(z).
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A.4 2004 Extension 2 HSC

Question 2

(a)  Let z=1+2i and w =3 —i. Find, in the form z + iy,

1. zw. 1

10
i (2). 1
z

(b) Leta=1+iv3and f=1+1.

i. Find % in the form x + 7y. 1
ii. Express a in modulus-argument form. 2
iii. Given that g has the modulus-argument form 1

T v
5 ( T _)
B=12 (3os4 —i—zsm4

find the modulus-argument form of g
iv. Hence find the exact value of sin % 1

(c) Sketch the region in the complex plane where the inequalities 3
z4+zZ <1 and |z—i<1
hold simultaneously.

(d) The diagram shows two distinct points A and B that represent the complex
numbers z and w respectively. The points A and B lie on the circle of radius
r centred at O. The point C' representing the complex number z 4+ w also lies
on this circle.

C
B
A
O
i. Using the fact that C' lies on the circle, show geometrically that 2
ZAOB = 2?”
ii. Hence show that 2* = w3, 2
iii. Show that 22 + w? + zw = 0. 1
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83

Question 4

(a)  Let a, 8 and v be the zeros of the polynomial p(z) = 3z® + 72* + 11z + 51.

i. Find o?By + af*y + afy>. 1
ii. Find o? 4 B2 +~2 2
iii. Using part (ii), or otherwise, determine how many of the zeros of p(z) 1
are real. Justify your answer.
Question 7
(b) Let a be a real number and suppose that z is a complex number such that
z+—=2cosu
z
i. By reducing the above equation to a quadratic equation in z, solve for 3
z and use De Moivre’s theorem to show that
.1
2"+ — = 2cosna
Z'I’L
. 1
ii. Let w=z+ —. Prove that 2
z
3 2 1 2 1 .
wHw —2w—-2=|z+- |+ |2+ |+ |+ =
z 22 23
iii. Hence, or otherwise, find all solutions of 3
cosa + cos2a + cos 3a =0
in the range 0 < a < 27.
A.5 2005 Extension 2 HSC
Question 2
(a) Let z=34iand w=1—1i. Find, in the form x + 1y,
1. 2z +w. 1
ii. Zw. 1
6
i, —. 1
w
(b)  Let B=1—1iV3.
i. Express § in modulus-argument form. 2
ii. Express 4° in modulus-argument form. 2
iii. Hence express 3° in the form z + iy. 1
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(c) Sketch the region in the complex plane where the inequalities 3
|z—Z] <2 and |z—-1]>1
hold simultaneously.

(d)  Let ¢ be the line in the complex plane that passes through the origin and
makes an angle a with the positive real axis, where 0 < o < 7.

@)

The point P represents the complex number z;, where 0 < arg(z;) < a. The
point P is reflected in the line ¢ to produce the point (), which represents

the complex number 2. Hence |21| = |23].
i. Explain why arg(z;) + arg(z2) = 2a. 2
ii. Deduce that z 2y = |21|? (cos 2a 4 i sin 2). 1
fii. Leta=_ andlet R be the point that represents the complex number 1
Z1%9.

Describe the locus of R as z; varies.
Question 4

(b) Suppose «, 3, v and ¢ are the four roots of the polynomial equation

et prP gt +ra+s5s=0

i. Find the values of o + 3+ v + 0 and afy + a0 + ayd + 570 2
ii. Show that o®+ 32 +~2 + 6% = p* — 2¢. 2
iii. Apply the result in part (ii) to show that 2% — 323 + 52% + To — 8 = 0 1
cannot have four real roots.
iv. By evaluating the polynomial at + = 0 and x = 1, deduce that the 2
polynomial equation z* — 32% + 522 + Tz — 8 = 0 has exactly two real
roots.
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Question 6
(b)  Let n be an integer greater than 2. Suppose w is an n-th root of unity and
w # 1.
i. By expanding the left, show that 2
(1+2w+3w*+40* + - +nw" ) (w—1)=n
N . N 1 z7! .
ii. Using the identity = , or otherwise, prove that 1
22—1 z—2z71
1 ~ cosf —isinf
cos20 +isin20 —1  2isinf
provided that sinf # 0.
. 2r .. 27
iii. Hence, if w = cos — + i sin —, find the real part of 1
n n w—1
2 4 6 8 5
iv. Deduce that 1+ 2 cos + 3 cos — —1—4(308—7r + 5eos — = 2., 1
5 5 5 5 2
v. By expressing the left hand side of the equation in part (iv) in terms of 3
2
Cosg and cos g, find the exact value, in surd form, of cos g
A.6 2006 Extension 2 HSC
Question 2
(a) Let z=3+14and w =2 — 5i. Find, in the form z + iy,
i 22 1
. zZw 1
w
. —. 1
z
(b) i. Express v/3 — 4 in modulus-argument form. 2
ii. Express (\/3 — i)7 in modulus-argument form. 2
iii. Hence express (\/§ — z')7 in the form x + iy. 1
(c)  Find, in modulus-argument form, all solutions of z* = —1. 2
Question 3
(c)  Two of the zeros of P(z) = z* — 122% + 592% — 138z + 130 are a + ib and
a + 2tb, where a and b are real and b > 0.
i.  Find the values of a and 0. 3
ii. Hence, or otherwise, express P(x) as the product of quadratic factors 1

with real coefficients.
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Question 4

(a)  The polynomial p(z) = az® + bx + ¢ has a multiple zero at 1 and has a 3
remainder 4 when divided by x + 1. Find a, b, c.

A.7 2007 Extension 2 HSC

Question 2

(a) Let z=4+iand w =Z. Find, in the form z + iy,

1. w. 1
. w—z. 1
- 1
w
(b) i. Write 1 + 4 in the form 7 (cos 6 + isin#). 2
ii. Hence, or otherwise, find (1+4)'" in the form a + ib, where a and b are 3
integers.
(c) The point P on the Argand diagram represents the complex number z, where 3
z satisfies
1 1
e — 1
z Z

Give a geometrical description of the locus of P as z varies.

(d) The points P, Q and R on the Argand diagram represent the complex
numbers 21, 25 and a respectively.

The triangles OPR and OQ@QR are equilateral with unit sides, so
21| = [22] = [a] = 1.

Letw:cosg—i-isin%.

Im
Q <Z2)
R(a)
Re
P(z1)
i. Explain why 2z, = wa. 1
ii. Show that z;29 = a?. 1
iii. Show that z; and z, are the roots of 22 — az + a®> = 0. 2
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Question 4
(d)  The polynomial P(x) = z* + gz* + ra + s has real coefficients. It has three
distinct zeros, a, —« and S.
i. Prove that qr = s. 3
ii. The polynomial does not have three real zeros. Show that two of the 2
zeros are purely imaginary. (A number is purely imaginary if it is of
the form iy, with y real and y # 0.)
Question 5
(d)  In the diagram, ABCDE is a regular pentagon with sides of length 1. The
perpendicular to AC' through B meets AC' at P.
A
1
B E
P
C D
Copy or trace this diagram into your writing booklet.
i. Let u=cosz. 2
Use the cosine rule in AACD to show that Su? — 8u? + 1 = 0.
ii. One root of 8z% — 827 +1=101is 3. 2
Find the other roots of 823 —8z%+1 = 0 and hence find the exact value
of cos .
Question 8
(b) i. Let n be a positive integer. Show that if 22 # 1, then 2
1+22 4204 2772 = (%) 2"
z— 2z~
ii. By substituting z = cos + isinf, where sinf # 0 in to part (i), show 3
that
14 cos26+---+cos(2n —2)0 + i [sin26 + - - - 4+ sin(2n — 2)6
sin nfé
= — 1) + isi —1)0
0 [cos(n — 1)0 + isin(n — 1)6]
iii. Suppose 0 = 21 Using part (ii), show that 3
n

.omo 27 . (n—=1)m T
sin— +sinm— —+ - +sin ————— = cot —
n n n 2n
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A.8 2008 Extension 2 HSC

Question 2

(a)  Find real numbers a and b such that (1 + 2i)(1 — 3i)= a + ib. 2
14+1v3
(b) i.  Write ;_TZ\/_ in the form x + iy, where x and y are real. 2
i
ii. By expression both 1+iv/3 and 1+ ¢ in modulus-argument form, write 3
1+iV3 |
——— in modulus-argument form.
1+
iii. Hence find cos % in surd form. 1
12
14+14v3
iv. By using the result of part (ii), or otherwise, calculate (f—j_\/_> . 1
7
(c) The point P on the Argand diagram represents the complex number 3

z = x + iy, which satisfies

24+72 =38
Find the equation of the locus of P in terms of x and y. What type of curve
is the locus?

(d) The point P on the Argand diagram represents the complex number z.
The points () and R represent the points wz and Wz respectively, where
W = Cos %” + ¢ sin %’r The point M is the midpoint of QR.

Im
P
Q
R
0 e
M
R
S
i. Find the complex number representing M in terms of z. 2
ii. The point S is chosen so that PQSR is a parallelogram. 2

Find the complex number represented by S.
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Question 3
(b)  Let p(z) =14 2%+ 2%
i. Show that p(z) has no real zeros. 1
ii. Let a be a zero of p(z).
(o) Show that o = 1. 1
(8) Show that o? is also a zero of p(z). 1
Question 5
(b)  Let p(x) = 2" — (n + 1)x + n, where n in a positive integer.
i. Show that p(x) has a double zero at = = 1. 2
ii. By considering concavity, or otherwise, show that p(z) > 0 for = > 0. 1
iii. Factorise p(z) when n = 3. 2
Question 6
(a)  Let w be the complex number satisfying w® = 1 and Im(w) > 0. The cubic 3
polynomial, p(z) = 23 + az® + bz + ¢, has zeros 1, —w and —@.
Find p(z).
A.9 2009 Extension 2 HSC
Question 2
(a)  Write ¢ in the form a + ib where a and b are real. 1
(b)  Write — " in the form a + i where a and b are real, 1

+1
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(c) The points P and () on the Argand diagram represent the complex numbers
z and w respectively.

Im

Copy the diagram into your writing booklet, and mark on it the following

points:
i. the point R representing iz 1
ii. the point S representing w 1
iii. The point T representing z + w. 1
(d)  Sketch the region in the complex plane where the inequalities |z — 1| < 2 and 2

—% <arg(z — 1) < 7 hold simultaneously.

(e) i. Find all the 5th roots of —1 in modulus-argument form. 2
ii. Sketch the 5th roots of —1 on an Argand diagram. 1
(f) i. Find the square roots of 3 + 4. 3
ii. Hence, or otherwise, solve the equation 2

2 tiz—1—-i=0
Question 3

(¢)  Let P(z) = 2® + az? + bx + 5, where a and b are real numbers. 3

Find the values of a and b given that (z — 1)? is a factor of P(z).
Question 6

(b)  Let P(x) =2+ q2* + qx + 1 where ¢ € R. One zero of P(z) is —1.

1
i. Show that if « is a zero of P(x) then — is a zero of P(x). 1
a
ii. Suppose that « is a zero of P(z) and « is not real.
(o) Show that |a| = 1. 2
l—q
(8) Show that Re(a) = — 2
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A.10 2010 Extension 2 HSC
Question 2
(a) Let z=5—1.
i. Find 22 in the form x + iy. 1
ii. Find 2z + 2Z in the form z + 7y. 1
iii. Find Yin the form x + y. 2
z
(b) i. Express —/3 — i in modulus-argument form. 2
ii. Show that (—\/g — i)6 is a real number. 2
(¢)  Sketch the region in the complex plane where the inequalities 1 < |z < 2 2
and 0 < z + Z < 3 hold simultaneously.
(d) Letz=cos€+isin0where0<9<g.
On the Argand diagram the point A represents z, the point B represents 2>
and the point C represents z + 22.
Im c
B
A
%
Re
O
Copy or trace the diagram into your writing booklet.
i. Explain why the parallelogram OACB is a rhombus. 1
" 9 30
ii. Show that arg(z + 2°) = 5 1
5 0
iii. Show that |z + 2%| = 2 cos 3 2
iv. By considering the real part of z 4 22, or otherwise, deduce that 1

30
cos 0 + cos 260 = 20085(:05?

NORMANHURST BOYS’ HIGH SCHOOL



92 Past HSC QUESTIONS — 2011 EXTENSION 2 HSC

Question 6

(c) i. Expand (cosf + isinf)’ using the binomial theorem. 1
ii. Expand (cosf +isinf)® using De Moivre’s Theorem, and hence show 3
that

sin50 = 16sin® 6 — 20sin®# + 5sin
iii. Deduce that £ = sin (17T_0) is one of the solutions to 1
162° — 2023 4+ 52 — 1 =0
iv. Find the polynomial p(z) such that 1

(z — Dp(z) = 162° — 202° + 52 — 1

v. Find the value of a such that p(z) = (422 4 az — 1)°. 1
vi. Hence find an exact value for sin 17r_0 1

Question 7

(b)  The graphs of y = 3z — 1 and y = 2” intersect at (1,2) and at (3,8). 1
Using these graphs, or otherwise, show that 2* > 3z — 1 for = > 3.

(c)  Let P(x) = (n—1)a™ —nz""' + 1 where n is an odd integer, n > 3.

i. Show that P(z) has exactly two stationary points. 1
ii. Show that P(x) has a double zero at = = 1. 1
iii. Use the graph y = P(z) to explain why P(x) has exactly one real zero 2

other than 1.
iv. Let a be the real zero of P(x) other than 1. 2

1
Using part (b) or otherwise, show that —1 < a < —3

v. Deduce that each of the zeros of 42° — 5x* + 1 has modulus less than 2
or equal to 1.

A.11 2011 Extension 2 HSC

See Examples [I7 on page 21| 22 on page 27 and [61 on page 67|

Question 2
(d) i. Use the binomial theorem to expand (cos + isin6)°. 1

ii. Use De Moivre’s theorem and your result from part (i) to prove that 3

1
cos® = —COS39—|—ZCOSQ

4

iii. Hence, or otherwise, find the smallest positive solution of 2

4cosf —3cosf =1
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A.12 2012 Extension 2 HSC

1. Letz=5—7and w =2+ 3.
What is the value of 2z + w?

(A) 12+ (B) 12+ 2 (C) 12 — 4 (D) 12 — 5i

2. The complex number z is shown on the Argand diagram below.

Yy
//// \\\
7 N\
, z
/ \
/ \
| \
\ —
\ @ /
\ /
\ /
\ /
AN 7/
AN Ve
\\ //
Which of the following best represents iz?
(A) (C)
Yy Yy
P e 51 P
.7 N .7 o\
N N
// N // \
/ \ / \
\ \
r/ ! r/ !
T 0 — T T i
\ I \ I
\ / \ /
\ / \ /
\ / \ /
AN / AN /
N Ve N Ve
\\ // —— \\ ///
i 12 —I=
(B) (D)
Y Y
ZE //-‘\\ //"‘\\
i N pd N
/ N y N
/ \ / \
/ \ / \
/ \ / \
[ | [ \
T — T i
\ @ I \ @ I
\ / \ /
\ / \ /
\ / \ /
N s/ N /
N e N e
\\ // \\ -
T I N 5

NORMANHURST BOYS’ HIGH SCHOOL



94 Past HSC QUESTIONS — 2012 EXTENSION 2 HSC

5. The equation 223 — 322 — 52 — 1 = 0 has roots «, 3 and . 1
1
What is the value of W?
(A) g (B) —% (C) 8 (D) -8
8. The following diagram shows the graph y = P’(z), the derivative of a 1
polynomial P(x).
Y
/\\T i
/5 !
1

Which of the following expressions could be P(z)?
(A) (z=2)(x—1)° (€) (z—2)(x+1)°

(B) (z+2)(x —1)* (D) (x4 2)(x+1)?

Question 11
25+

V5 —1

(b)  Sketch the region in the complex plane where the inequalities 2

(a)  Express in the form x + 1y, where z and y are real. 2

lz4+2/>2 and |z—i<1

both hold.
(d) i. Write 2 = v/3 — i in modulus-argument form. 2
ii. Hence express 2 in the form x + iy, where 2 and y are real. 1
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Question 12

(d)  On the Argand diagram the points A; and Ay correspond to the distinct
complex numbers u; and us respectively. Let P be a point corresponding to
a third complex number z.

Points B; and B, are positioned so that AA;PB; and AA;By P, labelled in
an anti-clockwise direction, are right-angled and isosceles with right angles
at A; and A, respectively. The complex numbers w; and wsy correspond to
By and Bj respectively.

Y
BQ(U)Q)
Al (Ul)
T
i. Explain why w; = u; + (2 — uq). 1
ii. Find the locus of the midpoint of By By as P varies. 2
Question 15
(b)  Let P(2) = z* — 2kz3 + 2k?2% — 2kz + 1, where k € R.
Let a = x + 1y, where x, y € R.
Suppose that o and i« are roots of P(z), where @ # ia.
i. Explain why @ and —ia are zeros of P(z). 1
ii. Show that P(z) = 22 (2 — k)* 4 (kz — 1)% 1
iii. Hence show that if P(z) has a real zero then 2

P(z)=(+1) (2 + 1> or P(z)= (z+1) (2 - 1)

iv. Show that all zeros of P(z) have modulus 1. 2
v. Show that k =z —y. 1
vi. Hence show that —/2 < k < /2. 2
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A.13 2013 Extension 2 HSC

5.  Which region on the Argand diagram is defined by % <lz-1] < g?

(A) (©)
) )
s
z 1 z
K/ 1
(B) (D)
Y Y
1-7 1-z
1- 1+3f1+3 1-1 A+il]i+3
Question 11
(a) Let 2=2—ivV3and w=1=i/3.
i. Find z +w. 1
ii. Express w in modulus-argument form. 2
iii. Write w?* in its simplest form.
(c)  Factorise 22 + 4iz + 5. 2
(e)  Sketch the region on the Argand diagram defined by z? + 22 < 8. 2
Question 14
(b) M\ Let z, =1+ and, for n > 2, let 3

Zn = 2Zp—1 | 1+ ’
| Zn—1]

Use mathematical induction to prove that |z,| = v/n for all integers n > 2.
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Question 15

(a)  The Argand diagram shows complex numbers w and z with arguments ¢ and
0 respectively, where ¢ < . The area of the triangle formed by O, w and z
is A.

Im

Show that zw — wz = 47 A

A.14 2014 Extension 2 HSC

2. The polynomial P(z) has real coefficients, and z = 2 — i is a root of P(z).

Which quadratic polynomial must be a factor of P(z).

(A) 22 —42+5 (B) 22+42+5 (C) 22 —42+3 (D) 22 +42+3
4. Given z =2 <cosg + isin g), which expression is equal to (Z)~'?
1 1
(A) 5 (COS% —isin g) (C) 5 (COS% + isin g)
(B) 2 (cosg _isin g) (D) 2 (cosg +isin g)

8. The Argand diagram shows the complex numbers w, z and u, where w lies in
the first quadrant, 2 lies in the second quadrant and u lies on the negative real

axis.
Im
z w
Re
u @)

Which statement could be true?

(A) u=zwand u=z+w (C) z=uwand u=z+w
B) u=zwandu=2z—w (D) z=uwand u=z—w
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Question 11

(a)  Consider the complex numbers z = —2 — 2; and w = 3 + 4.
i. Express z + w in modulus-argument form. 2
ii. Express Z in the form z + 1y, where x and y are real numbers. 2
w
(¢)  Sketch the region in the Argand diagram where |z| < |z — 2| and 3

arg z .

Question 12
(b) It can be shown that 4 cos® 6 — 3cosf = cos36. (Do NOT prove this.)

Assume that x = 2cos# is a solution of 2* — 3z = /3.

i.  Show that cos 36 = \/75 1

ii. Hence, or otherwise, find the three real solutions of 23 — 3z = /3. 1
Question 14

(a)  Let P(x) =% — 1022 + 15z — 6.
i.  Show that x = 1 is a root of P(z) of multiplicity three. 2

ii. Hence, or otherwise, find the two complex roots of P(z). 2

A.15 2015 Extension 2 HSC

2. What value of z satisfies 22 = 7 — 2447 1
(A) 43 (C) 3 — 4
(B) —4 —3i (D) —3 — 4
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99

5. Given that z = 1 — 4, which expression is equal to 23?7

(A) z=+2 (cos <—%ﬁ> + isin <—?ZT7T))
(B) z=2V2 (cos (—%ﬂ) + i sin (—?%))
(C) z2=v2 (cos (?%) +isin (%))

(D) z=2V2 (cos (%ﬂ) + i sin (%))

9. The complex number z satisfies |z — 1| = 1.

What is the greatest distance that z can be from the point ¢ on the Argand
diagram?

(A) 1 (B) V5 (C) 2v2 (D) v2+1

Question 11

in the form x + iy, where x and y are real.

443
(a)  Express 2+ !
-1

(b)  Consider the complex numbers z = —/3 +i and w = 3 (cos g + isin g)
i. Evaluate |z|.

ii. Evaluate arg(z).

z
iii. Find the argument of —.
w

Question 12

(a)  The complex number z is such that |z| = 2 and arg(z) = %

Plot each of the following complex numbers on the same half-page Argand
diagram.
i z.

(b)  The polynomial P(z) = x*— 423+ 112* — 142+ 10 has roots a+ib and a+ 2ib
where a and b are real and b # 0.
i. By evaluating a and b, find all the roots of P(x).

ii. Hence or otherwise, find one quadratic polynomial with real coefficients
that is a factor of P(x).
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A.16 2016 Extension 2 HSC

4. The Argand diagram shows the complex numbers z and w, where z lies in the 1
first quadrant and w lies in the second quadrant.
Im Which complex number could lie in the
» 3rd quadrant?
(A) —w
w
\ Re (B) 2iz
0
(C) =
(D) w—=z
5. Multiplying a non-zero complex number by _Z, results in a rotation about 1
i
the origin on an Argand diagram.
What is the rotation?
. 7T . . s
(A) Clockwise by 1 (C) Anticlockwise by 1
. 7T . ) L
(B) Clockwise by ) (D) Anticlockwise by 5
Question 11
(a)  Let z=+/3—i.
i. Express z in modulus-argument form. 2
ii. Show that 2% is real. 2
iii. Find a positive integer n such that 2™ is purely imaginary. 1
Question 12
(a)  Let z =cosf + isinf.
i. By considering the real part of z*, show that cos46 is 2

cos* f — 6 cos? fsin® @ + sin? 0
ii. Hence, or otherwise, find an expression for cos 46 involving only powers 1
of cos¥f.

Question 13
(d)  Suppose p(z) = ax® + bx* + cx + d with a, b, c and d € R, a # 0.

i. Deduce that if b — 3ac < 0 then p(z) cuts the x axis only once. 2

ii. If B> —3ac = 0 and p (—) = 0, what is the multiplicity of the root 2
—_b29
T=—g-
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Question 16

(a) i

1i.

11.

The complex numbers z = cos € + ¢sinf and w = cos a + i sin o, where
—m <0 <mand -7 < a < 7 satisfy

l1+2z4+w=0

By considering the real and imaginary parts of 1+ z 4+ w, or otherwise,
show that 1, z and w form the vertices of an equilateral triangle in the
Argand diagram

Hence, or otherwise, show that if the three non-zero complex numbers
21, z; and 29 satisfy

then they form the vertices of an equilateral triangle in the Argand
diagram.

The complex numbers 0, v and v form the vertices of an equilateral
triangle in the Argand diagram.

Show that u? + v? = wv

Give an example of non-zero complex numbers u and v, so that 0, u and
v form the vertices of an equilateral triangle in the Argand diagram.

A.17 2017 Extension 2 HSC

1. The complex number z is chosen so that 1, z, ..., 27 form vertices of the regular
polygon as shown.

~

Which polynomial equation has all of these complex numbers as roots?

(A) 27— 1=0 (C) 28 —1=0

(B) 27 +1=0 (D) 285 +1=0
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3.  Which complex number lies in the region 2 < |z — 1| < 37
(A) 1++/3i (B) 1+3i (C) 2+ (D) 3—i
6. It is given that z = 2 +4 is a root of 23 + az? — 72 + 15 = 0, where a € R.

What is the value of a?

(A) —1 (B) 1 C) 7 (D) -7
Question 11
(a) Letz=1—+3iandw =1+ 1.

i. Find the exact value of the argument of 2.

z
ii. Find the exact value of the argument of —.
w

(¢)  Sketch the region in the Argand diagram where

—%SarngOand lz—1+i] <1

Question 12

(b)  Solve the quadratic equation 22+ (2+3i)z+ (1+3i) = 0, giving your answers
in the form a + bi, where a and b are real numbers.

Question 13

(e) The points A, B, C' and D on the Argand diagram represents the complex
numbers a, b, ¢ and d respectively. The points form a square as shown on
the diagram.

By using vectors, or otherwise, show that ¢ = (1 4 i)d — ia.
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Question 16
(a)  Let o =cosf +isinf, where 0 < 6 < 2.
i. Show that o + a=* = 2cos ké, for any integer k. 1
Let C=a™"+--+al+1+a+- -+ a" where n is a positive integer.
ii. By summing the series, prove that 3
C= —
i-a)(-m
ili. Deduce, from parts (i) and (ii), that 2
0 — 1)0
1+2(cos@+(30829+~-+cosn9):Cosn cos(n + 1)
1 —cosé@
2
iv. Show that cos — + cos il +---+cos n is independent of n. 1
n n n
A.18 2018 Extension 2 HSC
6. Which complex number is a 6th root of 7?7 1
(A~ t i (©) —V2+Va
—— 4+ —1 — i
V2 V2
(B) ——— i (D) ~v2- V3
—_ = —1 —V2 =2
V2 V2
7. Which diagram best represent the solutions to the equation 1

arg(z) = arg(z + 1 — 1)
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Question 11

(a) Letz=2+3iandw=1—1.
i. Find zw. 1

2
ii. Express Z — — in the form x + iy, where x and y are real numbers. 2
w

(d) The points A, B and C on the Argand diagram represent the complex
numbers u, v and w respectively.

The points O, A, B and C form a square as shown on the diagram.

B(v)
C(w)
Au)
O
It is given that u = 5 + 21.
i. Find w. 1
ii. Find v. 1
ii. Find arg (9) 1
v
Question 13
(b)  Let z=1— cos20 + isin260, where 0 < 6 < 7.
i. Show that |z| = 2sin#. 2
ii. Show that arg(z) = g — 0. 2
Question 15
(b) i. Use De Moivre’s theorem and the expansion of (cos 6 + i sin 8)8 to show 2
that
. 8 70 8 50 aind 8 30 b 8 .7
sin 86 = ] cos' fsin 0— 5 cos” # sin” 6+ 5 cos” 0sin” 0— - cosfsin' 0
ii. Hence, show that 3
in 80
S804 (1 - 105in% 6 + 241" § — 16 5in° 6)
sin 20
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105

A.19 2019 Extension 2 HSC

1. What is the value of (3 — 24)%?

(A) 5—12i (C) 13— 12i
(B) 5+ 12i (D) 13+ 12i
8. Let z be a complex number such that 22 = —iz.

Which of the following is a possible value for z?

(B) %+§z (D) ?—I—%z

Question 11

(a) Letz=143iand w=2—1.
i. Find z +w.

.. z . .
ii. Express — in the form x + iy, where x and y are real numbers.
w

()  Let z=—1+4143.

i. Write z in modulus-argument form.

ii. Find 22, giving your answer in the form x + iy, where x and y are real
numbers.

Question 12
(a)  Sketch the region defined by % <arg(z) < g and Im(z) < 1.

Question 16
(b)  Let P(z2) = 2* — 2kz® + 2k*22 + mz + 1, where k and m are real numbers.

The roots of P(z) are o, @, f3, B.

It is given that |a] =1 and |5 = 1.
2

i. Show that (Re(a)>2 + (Re(ﬁ)) = 1.
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Past HSC QUESTIONS — 2020 EXTENSION 2 HSC

ii. The diagram shows the position of a. 2
// «
/
! \
l/ !
\\ O /1 1
\
\
\
\\
Copy or trace the diagram into your writing booklet.
On the diagram, accurately show all possible positions of .
A.20 2020 Extension 2 HSC
2. Given that z = 3+ is a root of 22 + pz + ¢ = 0, where p and ¢ are real, what 1

are the values of p and ¢?

(A) p=—6,¢=+V10

(B) p

= —6, ¢ =10

(D) p

(C) p=6,q=+10

6, q =10
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107

4. The diagram shows the complex number z on the Argand diagram.

Which of the following diagrams best shows the position of Z 9

2

K

What is the maximum value of ‘ew — 2‘ + |ei6 + 2‘ for 0 <6 < 2xn7

(C) 2v5

(D) 10
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Question 11

(a)  Consider the complex numbers w = —1+4i and z =2 — i
i. Evaluate |wl. 1
ii. Evaluate wz. 2
(e)  Solve 22 + 3z + (3 — i) = 0, giving your answer(s) in the form a + bi, where 4

a and b are real.

Question 13
(d) i. Show that for any integer n, e + e~ = 2 cos (nf). 1

ii. By expanding (em@ + e*m‘g)zl, show that 3

1
cos* 0 = 3 (cos (40) + 4 cos (26) + 3)

iii. Note: For later, after Topic 27 Further Integration 2

™

3
Hence, or otherwise, find / cos* 0 db.
0

Question 14

(a)  Let z; be a complex number and 2, = €3 2.

The diagram shows points A and B which represent z; and 2, respectively,
in the Argand plane.

Im
B (ZQ)
A(z)
0 Re
i. Explain why triangle OAB is an equilateral triangle. 2
ii. Prove that 212+ 292 = 2129. 3
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Past HSC QUESTIONS — 2021 EXTENSION 2 HSC

A.21 2021 Extension 2 HSC

10. Consider the two non-zero complex numbers z and w as vectors.

Which of the following expressions is the projection of z onto w ?
z
C) Re(2)
(C) Re o) v

(A) —Rjgf")w
(B) %w (D) Rﬁf}?w

Question 11

(a)  The complex numbers z = 2¢'2 and w = 6e's are given.
0

Find the value of zw, giving the answer in the form re’

(b)  Find ) (i)"

Find the two square roots of —z, giving the answers in the form x + iy,

(d) i.
where x and y are real numbers.
Hence or otherwise, solve 22 4+ 2x + 1 + i = 0 giving your solutions in

ii.
the form a + ib where @ and b are real numbers.

The complex numbers z =5 + ¢ and w = 2 — 47 are given.

Find —, giving your answer in Cartesian form.

Question 13
(a)  The location of the complex number a + ib is shown on the diagram below.
On the diagram provided, indicate the locations of all of the fourth roots of

the complex number a + ib.
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Question 14

(¢c)  Using de Moivre’s theorem and the binomial expansion of (cos@ + isin 6)°, 2
or otherwise, show that

cos 5l = 16 cos® @ — 20 cos®> 6 + 5 cos 6

(d) By using part (i), or otherwise, show that 3
o 5 5
Re (el 10) — +8\/_

Question 16

(c) & Sketch the region of the complex plane defined by Re(z) > Arg(z) where 3
Arg(z) is the principal argument of z.

A.22 2022 Extension 2 HSC

1. Let R be the region in the complex plane defined by 1 < Re(z) < 3 and 1
G SAng(s) < o

Which diagram best represents the region R?

A

-
-
Ay
A S

YA
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6. It is known that a particular complex number z is NOT a real number. 1
Which of the following could be true for this number 27
(A) z=1iz (C) Re(iz) =Im(z)
(B) 7= (D) Arg(2°) = Arg(z)
Question 11
5
(a)  Express 5 +Z, in the form x + iy, where x and y are real numbers. 2
(c) i.  Write the complex number —v/3 4 4 in exponential form. 2
ii. Hence, find the exact value of (\/3 + z) 0 giving your answer in the form 2
T +1y.
Question 12
2 _
(e) Given the complex number z = €, show that w = ; | is purely imaginary. 3
Question 13
(c)  Consider the equation 2° + 1 = 0, where z is a complex number.
i. Sovle the equation 2° + 1 = 0 by finding the 5th roots of —1. 2
1
ii. Show that if z is a solution of z° +1 =0 and 2 # —1, then u = 2z + ~ 2
z
is a solution of u? —u —1 = 0.
3T
iii. Hence find the exact value of cos = 3
Question 15
(d)  The complex number z satisfies |z — —| = 2. 3

z

Using the triangle inequality, or otherwise, show that |z| < v/5 + 1.
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Question 16

(a) A square in the Argand plane has vertices 4
5+ 5t S — ot — 95— 5% -5+ 5t

The complex numbers z4 = 5 + i, zg and z¢ lie on the square and form the
vertices of an equilateral triangle, as shown in the diagram.

Z
=5 + 5i 2 5+ 5i
=S NOT TO
SCALE
-5-5i 5-5i
e
Find the exact value of the complex number zpg.
(d) Find all the complex numbers z;, z5, 23 that satisfy the following three 3
conditions simultaneously.
|21] = 22| = 23]
2+ 2+ 23=1
Z1R923 = 1
A.23 2023 Extension 2 HSC
1. Which of the following is equal to (a + ib)3? 1
(A) (a® = 3ab?) + i (3a*b + b%) (C) (a® — 3ab®) + i (3a®b — b%)
(B) (a®+ 3ab?) + i (3a%b + b®) (D) (a® + 3ab*) + i (3a®b — b®)
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3. A complex number z lies on the unit circle in the complex plane, as shown in 1
the diagram.

YA

SIS

Which of the following complex numbers is equal to z7

(A) —=z (B) 22 (C) —23 (D) 2%

3. A shaded region on a complex plane is shown. 1

o

Which relation best describes the region shaded on the complex plane?

(A) |z—i| >2|z—1] (C) |z =1]>2]z—1|
(B) |z—i] < 2|z —1] (D) |z —1] <2z —1|
Question 11
(a)  Solve the quadratic equation 2
2 —324+4=0

where z is a complex number. Give your answers in Cartesian form.
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Question 12

(d)  Find the cube roots of 2 — 2i. Give your answer in exponential form. 3

(e)  The complex number 2 + i is a zero of the polynomial
P(z) = 2* =32 + ¢2® + dz — 30

where ¢ and d are real numbers.
i. Explain why 2 — i is also a zero of the polynomial P(z). 1

ii. Find the remaining zeros of the polynomial P(z). 2
Question 14

(a)  Let z be the complex number z = s and w be the complex number w = et

i. By first writing z and w in Cartesian form, or otherwise, show that 3

N 2

|z +w
ii. The complex numbers z, w and z + w are represented in the complex 2
plane by the vectors OA, OB and OC respectively, where O is the
origin.
T
Show that ZAOC = —-.
24
7 8 — 26+ 2v/2
iii. Deduce that cos — = \/ V6 + \/— 1
24 4
Question 16
(a)  Let w be the complex number w = e’s".

i. Show that 14w + w?® = 0. 2
The vertices of a triangle can be labelled A, B and C' in anticlockwise or
clockwise direction, as shown.

C B
A B A C
ABC is anticlockwise ABC is clockwise
Three complex numbers a, b and ¢ are represented in the complex plane by
points A, B and C' respectively.
ii. Show that if triangle ABC' is anticlockwise and equilateral, then 2

a+bw+ cw® =0
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iii. It can be shown that if triangle ABC' is clockwise and equilateral, then 2
a+bw? + cw = 0. (Do NOT prove this.)

Show that if ABC is an equilateral triangle, then
a? +b* 4 ¢ = ab + be + ca

(¢) & The complex numbers w and z both have modulus 1, and g < Arg(z) <, 3

where Arg denotes the principal argument.

Tz + yw
. .

For real numbers x and y, consider the complex number

On an xy-plane, clearly sketch the region that contains all points (z,y) for

which
T _ Arg (W_W) o
2 z

NORMANHURST BOYS’ HIGH SCHOOL



NESA Reference Sheet — calculus based courses

| | .“ [ ] NSW Education Standards Authority
N
N-SW HIGHER SCHOOL CERTIFICATE EXAMINATION

GOVERNMENT ]
Mathematics Advanced
Mathematics Extension 1
Mathematics Extension 2

REFERENCE SHEET

Measurement Financial Mathematics

Length A=P(l1+r)

= i X 27r

360
Sequences and series
Area
A:ixmz 7;1=a+(n—1)d
360
h n n

Aza(a+b) SH=E[2a+(n—1)d]=5(a+l)

Surface area T = arn—l

A =271r% + 27rh

all=r") alr*-1
A = 4nr? S = ( )= ( ),r;él
n 1-r r—1
Volume
1 s=—2|r|<1
V=—Ah 1-r
3
V= i71'r3
3
Functions Logarithmic and Exponential Functions
[12
o —-bx~Nb” —4ac log,a*=x= %8
2a
: log, x
3 2 _ N =
For ax’ +bx* +cx +d = O.b 08, % log,a
a+pB+y= - "
a = exlnu

c
aﬁ+0/y+,b’y=5
and aﬁy:—%

Relations
(x—h)2+(y—k)2=r2




Trigonometric Functions

SinA =
adj
A= lab sin C
2 \/5 45
a b c
= = 45°
sinA  sinB  sinC 1
% =d*+b*-2abcosC
2,52 2
a+b°—c
cosC=—— o
2ab 30
2
[=rf
A= %rzg M
1

Trigonometric identities

SecA = ,cosA#0
cos
1 .
cosecA=——-,sinA#0
sin A
cotd =S84 Gnax0
sinA

cos?x + sin’x = 1

Compound angles
sin(A + B) = sinAcos B + cosAsin B

cos(A + B) = cosAcos B — sinAsin B

tan(A +B) _ tanA + tan B
1—tanAtanB
If t=tané then sinA = 2
2 1+
’1_ 2
COSA = !
1417
tanA = 2
1-7

cosAcosB = %[COS(A — B) +cos(A + B)]
sinAsinB = %[cos(A — B) —cos(A + B)]
sinAcosB = %[sin(A + B) +sin(4 - B)]

cosAsinB = %[sin(A + B) —sin(A - B)]

sin’nx = %(1 — cos 2nx)

cos?nx = %(1 + cos 2nx)

%, cosA:a—dj, tanA:ﬂ

Statistical Analysis

An outlier is a score

less than Q, — 1.5 X IQR
or

more than O, + 1.5 X IOR

Normal distribution

0
approximately 68% of scores have
z-scores between -1 and 1
approximately 95% of scores have
z-scores between -2 and 2
approximately 99.7% of scores have
z-scores between -3 and 3

-3 -2 - 1

E(X)=u

Var(X) = E[(X - u)] = E(X?) - 4

Probability

P(AnB)=P(A)P(B)
P(AuB)=P(A)+P(B) - P(AnB)
P(A|B) = M, P(B)#0

P(B)

Continuous random variables

X

P(X <x) =J J(x)dx

a
b

Pla<X< b)=J F(x)dx

a

Binomial distribution

P(X — I’) — ncrpr(l _p)n—r

X ~ Bin(n, p)

= P(X=x)

(n)px(l -p) 5 x=0,1,....n
X

E(X)=np

Var(X) = np(1-p)




Differential Calculus

Function

y=f(x)"

y=uv

y=g(u) where u= f(x)

y =sin 7(x)
y=cos f(x)
y = tan f(x)
y=e/W

y=Inf(x)
y=a/®

y=log, f(x)

y=sin"" f(x)

y=cos™! f(x)

y=tan"' f(x)

Derivative

dy _ , n—1
A6

dy dv du
—=u—tv—
dx dx dx
dy _dy du
dx du dx
du dv
V——u—
dy _ dx dx
dx V2
d ,
2 = F7(x) cos £(x)
dx

L sin )
X

D () sec? £(x)
dx

dy - f'(x)ef(")

dx
&y _ ()
dx  f(x)

D' (1na) (x)a’ D
dx

dy __ f'(x)

dx  (Ina) f(x)

d_ W

dx l—[f(x)]2
& W
dx 1— [f(x)]Z
dy  f'(x)

dx 1+ f(x0)]

Integral Calculus

Jf’(ﬂ[f(ﬂ]"dx:

(8

J

—a

~

~

(/'(x)
/(%)

2n

f’(x)af(x)dx =

1
n+l1

where n # -1

F/(x)sin f(x)dx = —cos f(x)+c¢
ifo)cosf(x)dx::ﬂnfo)+c
ﬂf’(x)seczf(x)dx = tan f(x)+c
F)e’ D dx = o 4 ¢

T2 "2dx =In| f(x)|+c

)

+c
Ina

—f'(x) dx = sin_1M+ c
@ -[F(x0)]
S(x) 5 dx %tan_l@+c
a® +[f(x)]

L@+ 7o)+ 2 () + -+ 1

where a =x, and b=x,

[f(x)]n+l e

-1

I}




Combinatorics

|
"Pr= n!
(n—r)!
(”):"C _ n!
r r

r(n—r)!

n

(x+a)”=x"+(]

- n\ -
)x” 1a+-~-+( )x" a"+ ---

Vectors
‘Lj‘=‘x£+yj‘=dx2+y2

u-y=|ul|v|cosb =xx,+yy,,
where u=Xxi+y,j

and y=x2£'+y22

r=a+Ai

1S

Complex Numbers

z=a+ib=r(cosO+ isinh)
= re'?
[r(cos 6+ isin 9)]” = r"(cos n@ + isinné)

— rneme

Mechanics

d*x dv  dv d(l 2)
j:—zv—z——v
dt= dt dx dx\2
x=acos(nt+a)+c
x=asin(nt +a) + ¢

X= —nz(x —c)
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